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We study the electromagnetic form factors of the lowest-lying singly heavy baryons with spin 1/2
within the framework of the chiral quark-soliton model, focusing on the comparison with recent
lattice data. To compare the present results quantitatively with the lattice data, it is essential
to treat the pion mass as a variable parameter, i.e., to employ the unphysical values of the pion
mass, which are used in lattice calculations. While the results with the physical value of the pion
mass fall off faster than those from the lattice calculations as the momentum transfer increases, the
extrapolated results with larger pion masses get closer to the lattice data.
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2I. INTRODUCTION
It is of utmost importance to study electromagnetic (EM) properties of a baryon in understanding its structure.
While the EM structures of light baryons have been investigated well over decades, those of singly heavy baryons
have not been much examined. The reason is that it is rather difficult to get access to EM properties of singly heavy
baryons experimentally. However, recent works in lattice QCD have computed the EM form factors of the singly
heavy baryons [1] and provide essential information on the EM structure of them. However, since Refs. [1] employed
larger values of the pion mass than the physical one, it is essential to use those values of the pion mass used by
the lattice calculations, so that one can compare the results quantitatively with the lattice data. In fact, similar
investigations have been already carried out for the nucleon mass and the energy-momentum tensor form factors of
the nucleon [2, 3]. In particular, Ref. [2] showed that the χQSM describes remarkably well the lattice data on the
nucleon mass.
Very recently, the magnetic moments, and electric monopole (E0) and magnetic dipole (M1) form factors of the
lowest-lying singly heavy baryons were investigated within the framework of the chiral quark-soliton model (χQSM) [4].
In the present work, we extend the previous work by extrapolating the experimental value of the physical pion mass to
unphysical ones that correspond to the values employed in the lattice calculations. The χQSM has been successfully
used to explain properties of the SU(3) light baryons [5–8] (see also Ref. [9] that took a somewhat different approach).
The model has been further developed to investigate properties of the singly heavy baryons [10–13] and has described
very well the mass spectra [10], magnetic moments [14], radiative decays [15] of the singly heavy baryons.
As already explained in Refs. [2, 3], an original purpose of studying the pion mass dependence within the χQSM
is to connect the results from chiral perturbation theory and those from lattice QCD, which is often called the chiral
extrapolation. The χQSM serves well for this purpose. Even though one takes a very large value of the pion mass, the
χQSM provides a stable chiral soliton. When one takes mpi →∞, we produce a correct limit of the heavy quark mass.
Consequently the pion mean field seems to be suppressed as the pion mass increases, which will be explicitly shown
later. When the opposite limit, i.e., mpi → 0, is taken, it is well known that the large Nc limit does not commute with
the chiral limit [17, 18]. The χQSM produces properly a leading non-analytic term of the nucleon mass expanded
with respect to the pion mass [19–21]. It indicates that the χQSM inheres a correct chiral behavior. This is natural,
since the model incorporates chiral symmetry and is based on the chiral effective action that contains all orders of
the effective chiral Lagrangians [5, 22, 23]. Thus, in the present work, we will examine the pion mass dependence of
the EM form factors of the singly heavy baryons with spin 1/2 in the context of a recent lattice work [1].
The present paper is organized as follows: In Section II, we recapitulate briefly how the EM form factors of the
singly heavy baryons are computed within the framework of the χQSM. In Section III, we present the numerical
results of the form factors in comparison with the lattice data. In Section IV, we summarize the present work and
draw conclusions.
II. ELECTROMAGNETIC FORM FACTORS IN THE χQSM
Since we have presented the formalism as to how the EM form factors of singly heavy baryons with spin 1/2 were
derived in Ref. [4], we will briefly recapitulate it, emphasizing dependence of the EM form factors on the pion mass.
The EM current including a heavy quark is defined by
Jµ(x) = ψ¯(x)γµQˆψ(x) + eQΨ¯(x)γµΨ(x), (1)
where the first term of Eq. (1) denotes the EM current of the light quarks whereas the second one corresponds to that
of the heavy quark. Qˆ is the charge matrix of the light quarks given by
Qˆ =
 23 0 00 − 13 0
0 0 − 13
 = 1
2
(
λ3 +
1√
3
λ8
)
, (2)
where λ3 and λ8 designate the flavor SU(3) Gell-Mann matrices. eQ in the second part of Eq. (1) is the corresponding
charge of a heavy quark: ec = 2/3 for a charm quark or eb = −1/3 for a beauty quark. In the present pion mean-field
approach, we take the limit of the infinitely heavy-quark mass (mQ →∞), so that the second part of Eq. (1) provides
only the constant charge to the electric form factor of a singly heavy baryon. Since the magnetic form factor of a heavy
quark is proportional to its inverse mass, i.e., µ ∼ (eQ/mQ)σ, we can safely neglect the heavy-quark contribution to
the magnetic form factor.
3The EM form factors of the singly heavy baryons are related to the matrix element of the EM current between the
singly heavy baryon states with spin 1/2 as
〈B, p′|Jµ(0)|B, p〉 = uB(p′, λ′)
[
γµF1(q
2) + iσµν
qν
2MB
F2(q
2)
]
uB(p, λ), (3)
where q2 denotes the square of the four-momentum transfer q2 = −Q2 with Q2 > 0. uB(p, λ) stands for the Dirac
spinor with four-momentum p and the helicity λ for a baryon B with spin 1/2. The EM Sachs form factors GE(Q
2)
and GM (Q
2) can be expressed in terms of the Dirac and Pauli form factors F1(Q
2) and F2(Q
2)
GBE(Q
2) = FB1 (Q
2)− τFB2 (Q2),
GBM (Q
2) = FB1 (Q
2) + FB2 (Q
2), (4)
with τ = Q2/4M2B . In the Breit frame, the matrix elements for the temporal and spatial components of the EM
current give the electric and magnetic form factors, respectively.
GBE(Q
2) =
∫
dΩq
4pi
〈B, p′|J0(0)|B, p〉,
GBM (Q
2) = 3MB
∫
dΩq
4pi
qiik3
i|q|2 〈B, p
′|Jk(0)|B, p〉. (5)
Thus, we can evaluate the EM form factors of the singly heavy baryons by computing the matrix elements of the EM
current within the framework of the χQSM.
The χQSM is described by the following partition function in Euclidean space
ZχQSM =
∫
DU exp(−Seff), (6)
where the quark fields have been integrated out. Seff denotes the effective chiral action
Seff [U ] = −NcTr ln(i/∂ + iMUγ5 + imˆ) , (7)
with the number of colors, Nc. U
γ5 represents the chiral field
Uγ5 = exp(ipiaλaγ5) =
1 + γ5
2
U +
1− γ5
2
U† (8)
with U = exp(ipiaλa). pia designates the pseudo-Nambu-Goldstone fields with the flavor index a running over a =
1, · · · 8. mˆ is the matrix of the current-quark masses mˆ = diag(mu, md, ms). We will assume isospin symmetry in the
present work, so that mu = md. The average mass of the up and down quarks will be defined by m0 = (mu +md)/2.
The effective chiral action can be expressed in terms of the Dirac one-body Hamiltonian h(U)
Seff = −NcTr ln (∂4 + h(U) + γ4mˆ− γ4m01) , (9)
where h(U) is written by
h(U) = −iγ4γi∂i + γ4MU + γ4m01. (10)
We introduce a new mass matrix for the current quarks
δm = mˆ−m01 = −m0 +ms
3
1 +
m0 −ms√
3
λ8 = M11 +M8λ
8 , (11)
where M1 and M8 are defined by M1 = (−m0 +ms)/3 and M8 = (m0 −ms)/
√
3, respectively.
The integral over the U field can be performed by the saddle-point approximation that is justified in the large Nc
limit. Since we have to preserve the hedgehog symmetry given by
pia = naP (r), pib = 0 with b = 4, · · · , 8 (12)
with the profile function P (r) of the classical soliton, we need to embed the SU(2) U0 field into SU(3) [25]
U =
(
U0 0
0 1
)
, (13)
4where U0 denotes the SU(2) chiral field
U0 = exp[in
aτaP (r)]. (14)
As shown explicitly in Ref. [12], the classical mass of a singly heavy baryon can be derived by computing the baryon
correlation function in large Euclidean time. Then, the classical soliton mass is obtained to be the sum of the energies
of the valence and sea quarks, Msol = (Nc − 1)Eval + Esea. Then, the classical equation of motion can be derived by
minimizing the energy of the classical soliton
δ
δP (r)
[(Nc − 1)Eval + Esea]
∣∣∣∣
Pc
= 0, (15)
where Pc is the profile function of the soliton at the stationary point, which is just a solution of the pion mean fields.
Hence, the soliton mass for the singly heavy baryon is finally obtained as
Msol = (Nc − 1)Eval(Pc) + Esea(Pc). (16)
Since we are interested in computing the EM form factors of the singly heavy baryons with the pion mass varied,
we have to derive the profile function, given a value of the unphysical pion mass. Consequently, the soliton mass for
the singly heavy baryon depends on the pion mass. If the value of the pion mass or that of m0 grows, the soliton
mass will converge on 2m0, i.e.,
lim
m0→∞
Msol(m0) = (Nc − 1)m0, (17)
which was already shown in Ref. [2]. We will call it the relation for the soliton mass in the heavy-quark limit. In
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FIG. 1. Dependence of the soliton mass on m0. The solid curve draws the result for the soliton mass as the m0 varied. the
dashed one depicts 2m0.
Fig. 1 we draw the soliton mass as a function of m0. The result indicates that the soliton mass converges on 2m0 as
m0 increases. The numerical result indeed satisfies Eq. (17). It means that as m0 increases, the effects of the pion
mean field are relatively reduced.
The general formalism for the EM form factors of the singly heavy baryons with spin 1/2 was already given in
Ref. [4] in detail. Thus, we will only compile the final expressions in the following:
GBE(q
2) =
∫
d3zj0(|q||z|)GBE (z) +GQE(q2), (18)
GBM (q
2) =
MB
|q|
∫
d3z
j1(|q||z|)
|z| G
B
M (z), (19)
5where
GBE (z) =
1√
3
〈D(8)Q8〉BB(z)−
2
I1
〈D(8)Qi Jˆi〉BI1(z)−
2
I2
〈D(8)QpJˆp〉BI2(z)
− 4M8
I1
〈D(8)8i D(8)Qi 〉B(I1K1(z)−K1I1(z))−
4M8
I2
〈D(8)8p D(8)Qp〉B(I2K2(z)−K2I2(z))
− 2
(
M1√
3
〈D(8)Q8〉B +
M8
3
〈D(8)88 D(8)Q8〉B
)
C(z), (20)
GBM (z) = 〈D(8)Q3〉B
(
Q0(z) + 1
I1
Q1(z)
)
− 1√
3
〈D(8)Q8J3〉B
1
I1
X1(z)− 〈dpq3D(8)QpJq〉B
1
I2
X2(z)
+
2√
3
M8〈D(8)83 D(8)Q8〉B
(
K1
I1
X1(z)−M1(z)
)
+ 2M8〈dpq3D(8)8p D(8)Qq〉B
(
K2
I2
X2(z)−M2(z)
)
− 2
(
M1〈D(8)Q3〉B +
1√
3
M8〈D(8)88 D(8)Q3〉B
)
M0(z). (21)
The explicit expressions for those densities, and moments of inertia I1,2 and K1,2 are given already in Ref. [4]. G
Q
E(q
2)
in Eq. (19) represents the heavy-quark contribution to an electric form factor of a singly heavy baryon. In the limit
of mQ →∞, it gives just the charge of the corresponding heavy quark.
III. RESULTS AND DISCUSSION
Before we present the numerical results, we first explain briefly how to fix the model parameters. In the χQSM, we
use the pion decay constant fpi = 93MeV to fix the cutoff parameter for regulators. Using the physical value of the
pion mass, mpi = 140 MeV, we obtain the corresponding current quark mass m0. The only free parameter left is the
dynamical quark mass M . Dependence of baryonic observables on M was carefully examined by computing the mass
splittings of flavor SU(3) low-lying light baryons and electric form factors of the proton [7]. As a result, the most
preferable value of M was found to be M = 420MeV. The strange current quark mass is taken to be ms = 180MeV
to reproduce the mass splitting of flavor SU(3) light baryons [16] and singly heavy baryons [12].
TABLE I. Dependence of the valence- and sea-qaurk energies, and the soliton mass on the values of the pion mass.
mpi[MeV] m0[MeV] Λ[MeV] Eval[MeV] Esea[MeV] Msol[MeV]
140 18 637 645 354 999
300 75 645 717 362 1078
410 130 659 786 366 1152
570 219 689 908 370 1278
700 295 718 1019 371 1380
In Table. I, we list the numerical values of the valence- and sea-quark energies, and the soliton mass. As the pion
mass increases, both the valence- and sea-quark energies increase. In consequence, the soliton mass also grows larger
as a function of mpi.
We start by examining the dependence of the masses of Σc and Ωc on the pion mass, which belong to the baryon
sextet with spin 1/2, comparing the present results with those from lattice QCD. In the left panel of Fig. 2, we show
the numerical results for the classical mass as a function of m2pi. Note that for comparison with the lattice data we
normalize the classical mass by the lattice value of the Σc mass at the physical value of the pion mass, mpi = 140 MeV.
Interestingly, the result of the classical mass is in very good agreement with the lattice data. In fact, the nucleon
mass from the χQSM was shown to be almost the same as the lattice data as described in Ref. [2]. We want to
mention that in Ref. [2], the nucleon mass was in fact the classical mass. As mentioned in Introduction, the chiral
limit (mpi → 0) does not commute with the large Nc limit. In the χQSM, the strategy is that one first take the limit
of Nc →∞ while keeping mpi finite. Next, we take the chiral limit. In this case, the leading non-analytic term of the
60.0 0.1 0.2 0.3 0.4 0.5
m2pi[GeV
2]
2.2
2.4
2.6
2.8
3.0
3.2
M
a
ss
[G
eV
] 
O(Nc) (χQSM)
MΣc  (LQCD)
MΩc  (LQCD)
0.0 0.1 0.2 0.3 0.4 0.5
m2pi[GeV
2]
2.2
2.4
2.6
2.8
3.0
3.2
M
a
ss
[G
eV
] 
MΣc  (χQSM) 
MΩc  (χQSM) 
MΣc  (LQCD)
MΩc  (LQCD)
FIG. 2. Dependence of the masses of the singly heavy baryons, Σc and Ωc. In the left panel, we draw the classical mass as a
function of m2pi whereas in the right panel, we depict the masses of Σc and Ωc as functions of m
2
pi in the solid and dashed curves,
respectively. To compare these results with the lattice data, we normalize the classical mass by the lattice value of MΣc at the
physical pion mass, which is drawn as the vertical short dashed line. The lattice data are taken from Ref. [1].
nucleon mass, which appears when the nucleon mass is expanded with respect to the pion mass, is yielded to be
MN (mpi)
O(m3pi) = k
3g2A
32pif2pi
m3pi (22)
with k = 3. Here, gA denotes the axial charge of the nucleon. On the other hand, chiral perturbation theory gives
k = 1. This has a very important physical implication. In the χQSM, the masses of the ∆ isobar and the nucleon
become degenerate in the large Nc limit. Moreover, taking the large Nc limit with mpi kept finite, we find that
M∆−MN turns out to be much smaller than the pion mass. This means that the ∆ isobar must be considered as an
intermediate state in chiral loops, which provides as twice as the nucleon contribution, so we have k = 3. Similarly,
in the large Nc limit, all the masses belonging to the baryon sextet are degenerate. This implies that the left panel of
Fig. 2 describes the representative mass of the low-lying singly heavy baryons. In this sense, the result shown in Fig. 2
is indeed remarkable, since it describes both the lattice data on the Σc and Ωc masses. Thus, the χQSM provides
a reliable framework for comparison of any observables for the singly heavy baryons with the corresponding lattice
data.
In the right panel of Fig. 1, we take a more realistic position. So, we introduce the rotational 1/Nc and linear
ms corrections, which also depend on the pion mass. While the present result for the Σc mass, which is depicted in
the solid curve, rises faster than the lattice data, that for the Ωc mass, drawn in the dashed curve, is in remarkable
agreement with the lattice data. In fact, the mass spectra of the low-lying singly heavy baryons were studied in
Ref. [12]. The masses of the Σc and Ωc are expressed as
MΣc = M6 +
2
3
δ6, MΩc = M6 −
4
3
δ6, (23)
where definitions of the parameters M6 and δ6 can be found in Ref. [12]. The parameter δ6 is related to the linear
(ms −m0) corrections, so that it gives rise to the mass splitting in the baryon sextet. As the pion mass increases, δ6
also increases, which leads to the results shown in the right panel of Fig. 2.
As mentioned previously, to examine the pion mass dependence of the EM form factors, we first have to compute
the profile functions of the chiral soliton given a value of the pion mass. To do that, we choose its five different values:
mpi = 140 MeV (physical one), mpi = 300 MeV, mpi = 410 MeV, mpi = 570 MeV, and mpi = 700 MeV and derive the
new profile functions corresponding to these values of the pion mass. Except for the physical one, all the values were
employed by the lattice calculation [1]. So far, there is no experimental data on the EM form factors of the singly
heavy baryons. Thus, in the present work, we will carefully compare the present results with those from a recent
lattice work [1], considering the pion mass as a variable parameter.
We first compare the results of the E0 form factors obtained from the present model with those from the lattice
calculations [1], though a part of the work with the physical pion mass was already done in Ref. [4]. In Fig. 3 we draw
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FIG. 3. Electric monopole form factors of the baryon sextet with spin-1/2 in comparison with the data from the lattice QCD.
The data of the lattice QCD are taken from Ref. [1]. Note that the lattice data for the zero-charged electric form factors of the
heavy baryons are taken from the private communication with U. Can [26].
the electric form factors of the Σ++c , Σ
0
c , and Ω
0
c baryons with spin 1/2 in comparison with the corresponding lattice
data. we extrapolate the physical pion mass mpi = 140 MeV to the unphysical ones of which the values are taken from
those used in the lattice calculation, i.e. four different values mpi = 300 MeV, 410 MeV, 570 MeV, and 700 MeV. As
expected, when we increase the values of the pion mass, the results of the electric form factors fall off more slowly as
Q2 increases. This is a well-known feature of the lattice results. Thus, when one wants to compare results of any form
factors with those from lattice works, it is better to employ larger pion masses that match the corresponding values
used in the lattice calculation. When the pion mass gets larger, the Q2 dependences of the electric form factors of the
neutral heavy baryons increase more slowly. The numerical results for the Σ++c electric form factor are in very good
agreement with the lattice data. Those for Σ0c and Ω
0
c get closer to the data as the pion mass increases.
Figure 4 depicts the comparison of the present results for the M1 form factors of the Σ++c , Σ
0
c , and Ω
0
c heavy
baryons with the corresponding lattice data. Note that in order to compare the Q2 dependence, we have normalized
the magnitudes of the magnetic form factors at Q2 = 0 to be the same as the lattice ones. The present results on the
Q2 dependence of the M1 form factors are generally in agreement with the lattice data. Again we find that the lattice
results fall off more slowly, compared to the present ones. In particular, the numerical results for the Σ++c magnetic
form factor are in remarkable agreement with the lattice data. Those for Σ0c and Ω
0
c are also in line with the data.
Figure 5 illustrates the results for the EM form factors of the singly heavy baryons with spin 1/2 as functions of
the pion mass, with Q2 fixed to be 0.54 GeV2. The numerical results for the Σ++c electric and magnetic form factors
are in good agreement with the lattice data, as shown in the upper panel of Fig. 5. As for the EM form factors of
the other heavy baryons, the present results exhibit similar dependence on the pion mass, compared with the lattice
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FIG. 4. Magnetic dipole form factors of the baryon sextet with spin 1/2 in comparison with the data from the lattice QCD.
The data of the lattice QCD are taken from Ref. [1].
data.
IV. SUMMARY AND CONCLUSION
In the present work, we have aimed at investigating the electromagnetic form factors of the lowest-lying singly
heavy baryons with spin 1/2 within the framework of the chiral quark-soliton model, focusing on the comparison of
the results with recent lattice data. We first derived the profile functions of the chiral soliton, employing the unphysical
values of the pion mass. We examined the limit of the heavy quark mass and showed that the soliton mass consisting
of the Nc−1 valence quarks converges on 2m0. This implies that the pion mean fields get relatively suppressed as the
pion mass increases. Before we proceeded to compute the electromagnetic form factors, we scrutinized the classical
and physical masses of the singly heavy baryons as the pion mass was varied from m2pi = 0.02 GeV
2 to 0.5 GeV2. The
classical mass is in very good agreement with the lattice data on the Σc and Ωc masses. When we considered the
rotational 1/Nc corrections and the effects of flavor SU(3) symmetry breaking, the present results for the Ωc mass are
in remarkable agreement with the lattice data. On the other hand, those of the Σc mass tends to rise faster than the
data. We then calculated the electric form factors of the Σ++c , Σ
0
c , and Ω
0
c for which there exsist the lattice data. As
the pion mass increases, the present results reproduce very well the lattice data on the Σ++c electric form factor. For
neutral heavy baryons, the results get closer to the lattice data. The results for the Σ++c and Σ
0
c magnetic form factor
are also in good agreement with the lattice data. Those for the Ωc magnetic form factor show similar Q
2 dependence,
compared with the data. Finally, we compared the present results for the electromagnetic form factors of the Σ++c ,
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FIG. 5. Electromagnetic form factors as a function of the pion mass with the momentum transfer squared Q2 ≈ 0.54 GeV
fixed. The data of lattice QCD are taken from Ref. [1].
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Σ0c , and Ω
0
c as functions of the pion mass, fixing the momentum transfer squared to be Q
2 = 0.54 GeV2. Again, the
results for the Σ++c and Σ
0
c are in good agreement with the lattice data. The results for all other form factors are
similar dependence on the pion mass, compared with the lattice data.
In conclusion, the present scheme describes well the electromagnetic form factors of the lowest-lying singly heavy
baryons with spin 1/2, compared with those from lattice QCD. It indicates that the singly heavy baryons with spin
1/2 are indeed well explained in the pion mean-field approximation, i.e, in the chiral quark-soliton model. The 1/mQ
corrections are expected to be marginal but are very interesting issues, which will be considered in the near future.
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